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COVARIANT EXPANSION OF A MODULAR FORM. 

By Oliver E. Glenn. 

A complete system of covariants of the total group G of linear trans- 
formations with integral coefficients modulo p, a prime number, is com- 
posed of* 

L = Xi'^Xi — XiXi^, 

Q = (xi^'xi - X1X2P') H- L = xi^<-^-''> + xi<''-i>(p-i>X2''-i -!-•••+ X2>"-^-'\ 

Consider a binary form, of order m, whose coefficients are independent 
variables : 

/„ = (ao, ai, • • • , amlxi, xa)" = aoxr + aiXi^-^x^ + • • • . 

We propose to treat the problem of determining modular covariants 
(j)i, <t>2 of fm such that the following congruence will hold identically in 
the a's and in the x's: 
(1) fm = Q01 + i02 (mod p). 

Regarding the forms 0i, 4>2 in a relation like (1) to be general forms with 
undetermined coefficients, of respective orders m — p^ + p, m — p — 1, 
it is evident that when m = p^ the identity (1) implies m + 1 linear non- 
homogeneous equations between these coefficients. These linear equa- 
tions are consistent, and hence 0i, 02 are uniquely determined. In fact, 
in order to prove the consistency of this system of equations we have only 
to construct their matrix M, the elements of M being all 0, 1 or — 1. 
These elements are arranged in Af by a simple law such that it is im- 
miediately evident that elemientary transformations will reduce all ele- 
ments to zero, excepting those in the principal diagonal, and that all in 
the diagonal will be = 1 (mod p). Hence if D is the determinant of M, 
D + (mod p). 

When, as in the case m = p^ just mentioned, the quantics <pi, ^2 are 
uniquely determined, they are readily provedf to be formal covariants 
modulo p of fm- Also, for a series of particular orders m, such that 
m > p^, I have determined, non-uniquely, covariant pairs <pi, tpi satis- 

* Dickson, Transactions Amer. Math. Society, vol. 12 (1911), p. 75; and Madison Collo- 
quium Lectures, 1913, p. 33. 

t Cf. O. E. Glenn, Transactions Amer. Math. Society, vol. 18 (1917), p. 460. 
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fying (1). We shall give in tables computed covariants (pi, <P2 leading to 
an identity (1), for various cases in which m > p^. 

Whenever we have covariants* <pi and <P2 of /„ for which (1) is an 
identity, we shall call (1) a co variant expansion, and (pi a principal co- 
variant of /„; its seminvariant leader being ao. In general the covariant 
(pi leading to an expansion (1) is not unique. But any two principal 
covariants are linearly dependent modulo L; indeed they all possess 
their real roots in common. f For, if (pi, (pi are two such covariants their 
difference (pi — (pi, being a covariant divisible by Xi, contains the factor L, 
since the real points on the modular hne are conjugate under G. Thus 
in the expansion corresponding to (pi, viz., 

(2) /m = Q.<Pi' + L(p2' (mod p), 
we may substitute 

(3) (pi = (pi + L4' (mod p), 

where i^ is a formal covariant mod p of order m — p^ — 1; and so (2) 
becomes 

fm = Q(pi + L{Q\p + (p2){ra.oA p), 

and the principal covariant in this expansion is (pi. The latter expansion 
is identical with (1); for, (pi may always be determined by dividing 
fm — Q<pi by L, and the quotient modulo p is unique. Hence the covari- 
ant expansions are all transformable into a fixed one by congruences of 
type (3). 

In case m is sufficiently large, (pi and (p^ will be of order > p-, and then, 
under restrictions similar to those described above for covariant expansions 
oi fm, <Pi, <P2 may themselves be developed in covariant expansions; also, 
if only one of the covariants <pi, (p2 is of order > p^, this one may be 
developed according to any expansion (1) known to exist for its order. 
Thus we arrive at a covariant expansion of /^ more explicit than (1), viz., 

(4) fm = Q>i + Q'-'Lx + ■■■ + QLv-V + L^co (mod p), 

in which the coefficient forms <pi, x> • ■ ■> 'Pi <^ are covariants of fm of 
orders < p^; the principal covariant being (pi led by ao- This expansion 
is not unique. 

The existence and explicit form of the principal formal covariants 
modulo 2 for the general order m were demonstrated by the present writer 

* The covariancy of tpi evidently implies that of <(>i. 

t Since the roots of L = (mod p) are the real residues mod p, and those of Q = are the 
Galoisian imaginaries which are roots of irreducible quadratic congruences mod p, the real roots 
of /„ =0 (mod p) are also roots of (pi = 0, and such imaginary roots of /m =0 are also roots of 
(P2 = (mod p) (cf. Dickson, Madison Colloquium Lectures, p. 37). 
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in the Transactions of the American Mathematical Society, volume 17 
(p. 545). For m even, (pi is the covariant 

Ki = aoXi^ + (oi + • • • + am-i)xiX2 + a,nXi^, 

while for m odd it was proved that ^i is a cubic covariant 

Kmi = a^Xi^ + IiX^Xi + 72X1X2^ + a„X2', 

where /i, li are of somewhat complex general structure but such that 
Ii + li is congruent to the invariant ai + • • • + ttm-i. Illustrations of 
K2 and Xots are contained in the lists below, showing expansions modulo 2 
for forms of the first eleven orders, and of the forms of orders 9, 10, 11 
when the modulus is 3. The existence of the principal co variants in the 
latter three cases was established by methods similar to those employed 
for the modulus 2, but for to = 11, in order to exhibit a complete set of 
principal covariants in one formula, by retaining a parameter X in their 
coefficients, ^i was assumed in its general form and the conditions for its 
invariancy under the induced group were imposed. This method required 
the solution of a set of linear congruences in twenty unknowns, and was 
not brief, but, once these covariants are found, the direct verification of 
their covariancy is easy. 

Tables. 
We employ the notation {hijk- • •) for the sum 

Oa + a.- + ay + Ot + • • • • 

p = 2, TO = 1, 2, 3. 
The forms /i, fi, fz are irreducible. 

p = 2, m = 2\ 
/4 = QK^ + L(Xi + Cioi)(mod 2). 
Ki = (0)xi2 + (123)xiX2 + (4)X2% 
Ki = (0123)xi + (1234)X2, 
Cioi = (l)xi + (3)X2. 

p = 2, TO = 5. 
/6 = QK,z + L{K2 + Cio2)(mod 2). 
X53 = (O)xi' + (12)xi2x2 + (34)xiX2^ + (5)X2', 
K2 = (0)xi2 + (1234)xiX2 + (5)X2^ 
C102 = (2)xi2 + (3)X2^ 
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p = 2, TO = 6. 
/e = Q^K2 + LK, (mod 2). 
ii:^ = (0)xi2 + (12345)xiX2 + (6)X2^ 

Kz = (2345)xi' + (03456)xi2x2 + (01236)a;iX22 + (1234)x2^ 

p = 2, TO = 7. 

/t = Q^Xra + LQM + L^J (mod 2). 

Kn = (0)xi» + (124)xi2x2 + (356)xiX2^ + (7)x2^ 

M = (24)xi2 + (35)X2^ 

/ = (02356)xi + (12457)X2. 

p = 2, TO = 8. 
/s = Q'ii:2 + QLK,s' + L\K^ + Cio2')(mod 2). 
K^ = (0)xi2 + (1234567)xiX2 + (8)x2S 
Kss' = (0234567)xi' + (038)xi2x2 + (058)xiX2^ + (1234568)x2^ 
K^ = (0234567)xi2 + (35)xiX2 + (1234568)x2^ 
C102' = (123)xi^ + (567)X2^ 

p = 2, TO = 9. 
/9 = e'i^93 + Q^LK^' + L^iCs' (mod 2). 
K,3 = (0)xi3 + (1234)xi2x2 + (5678)xiX22 + (9)x2S 
K2' = (0234)xi2 + (124578)xiX2 + (5679)x2^ 
X3' = (046)xi« + (157)xi2x2 + (248)xiX22 + (359)x2«. 

p = 2, TO = 10. 
/lo = Q^i*:2 + Q'LK.z' +.QLW + L'J' (mod 2). 
Ki = (0)xi2 + (123456789)xiX2 + (10)x2^ 
K^^' = (23456789)xi3 + (0124510)xi2x2 + (0568910)xiX2^ + (12345678)x2S 
M' = (01236789)xi2 + (123478910)x2S 
/' = (0235689)xi + (12457810)x2. 
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f = 2, m = 11. 
/ii = Q'K.u + Q'LK,' + QUK,z" + LKK," + Cio2")(mod 2). 
Xu3 = (0)xi3 + (12458)xi2x2 + (367910)xiX2'' + (ll)x2^ 
Ki' = (2458)xi2 + (56)xiX2 + (3679)x2S 
^53" = (2357910)xi' + (0234101 1)xi2x2 + (017891 l)xiX22 + (124689)x2', 
Ki" = (2357910)xi'' + (123478910)xiX2 + (124689)x2^ 
C102" = (035678910)xi2 + (12345681 l)x2^ 

p = 3, m = d\ 
/s = Qvi + L<p2 (mod 3). 
<Pi = (0)xi3 + (1357)xi2x2 + (2468)xiX2^ + (9)x2«, 
<P2 = 2{a3 + 05 + aT)xi^ + 2(oo + 04 + ae + as)xi^Xi 
+ (2ai + 2a3 + 05 + ay + 2a9)xi'x2^ 
+ (oo + 2a2 + 2a4 + a^ + ai)xi^X2^ 

+ (ai + 03 + ai, + ag)xiX2* + (02 + ^4 + a6)x2^ 

p = 3, m = 10. 

/lo = Q<Pi + L<p2 (mod 3). 

(Pi = OoXi* + (ai + 03 + 2a6)xi'x2 + (02 + 04 + Oe + 0^x^X2^ 

+ (2a5 + a; + a9)xiX2' + 010X2*, 

^2 = (2a3 + 06)xi* + 2(ao + 04 + fle + a8)xi^X2 

+ 2(oi + 03 + 07 + a9)xi*X2^ 

+ (oo + 2a2 + 2a4 -\- a^ + a^ + 2oio)xi'x2^ 

+ (ai + as + a? + 09)^1^X2* + (02 + 04 + ae + aio)xiX2^ 

+ (2a6 + a7)x2*. 

p = 3, m = 11. 

The abbreviations employed are as follows: X is any least residue 
modulo 3; S represents the seminvariant ai + as + as + a? + 09, and T 
the anti-seminvariant a2 + 04 + as + as + aio. 

/ii = Q<Pi + L<f>2 (mod 3). 
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v?i = ttoXi^ + (oi + as + X*S)xi%2 + («2 + 04 + ae — X!r)xi'x2^ 

+ (03 + a? + ttg - X»S)xi2x2' + (as + aio + X!r)xiX2* + allX2^ 
^2 = (- 03 - XS)xi^ + (- ao - a4 - ae + X!r)xi^X2 - (X + l)»Sxi^X2^ 
+ (ao - ae + (X + 2)T)xi'x2' + (a^ - an - (X + 2)^)xi3x2'' 
+ (X + 1)^X1^X2^ + (as + ar + an - X,S)xiX2« + (as + Xr)x2'. 
Univehsity op Pennsylvania. 



